We study spherically symmetric solutions with a scalar field in the shift-symmetric subclass of the Horndeski theory. Constructing an effective energy-momentum tensor of the scalar field based on the two-fluid model, we decompose the scalar field into two components: dark matter and dark energy. We find the dark-matter fluid is pressure-less, and its distribution of energy density obeys the inverse-square law. We show the scalar field dark matter can explain the galaxy rotation curve and discuss the time evolution of the dark matter in the cosmic background. *
I. INTRODUCTION
The evidences for dark matter (DM) in our Universe have been accumulated so far by independent observations such as galaxy rotation curves, gravitational lensing on cluster scale, temperature fluctuations in Cosmic Microwave Background (CMB) [1] [2] [3] [4] . The DM is usually considered a non-baryonic matter which mainly interacts with gravity, and DM emits little or no radiation since interactions between DM and ordinary matters are weak.
A recent study has revealed the coldness of DM through the whole cosmic history, which implies that the DM is well-described in terms of the pressure-less fluid [5] . Although the DM occupies about 30% of the whole Universe, which plays an important role in the cosmological evolution, it has not been discovered in non-gravitational experiments yet. Therefore, we have not identified the particle nature of DM, while various candidates are hypothesized in the models beyond the standard model of particle physics.
As an illustration, let us consider the issue of the rotational curves of the galaxies. The rotational velocity of an object at a radial distance r is given by v ∝ M(r)/r in the Newtonian gravity, where M(r) denotes the total mass enclosed by the object's orbit. However, the observations imply that the rotational velocity is approximately constant at a large distance r ∼ O(kpc) or the larger, where there is almost no luminous matter. It requires a DM halo with mass density ρ(r) ∝ 1/r 2 to be introduced other than the visible matters, and the mass of the DM halo dominates the total mass of the galaxy.
Instead of the new particles beyond the standard model of particle physics, a possible way to account for the DM is to modify the general relativity. The modified gravity theories can introduce more degrees of freedom into the general relativity, and the role of DM particles can be replaced with those extra degrees of freedom, to explain the galactic rotation curve [6] [7] [8] [9] [10] . Generally speaking, the additional degrees of freedom, which are often rewritten in terms of new dynamical fields, change the gravitational interaction. Such new fields directly affect and contribute to the spacetime as new matters, literally as the DM. In other words, the modified gravity can allow us to discuss the DM as a gravitational phenomenon which is unexplainable in the framework of the general relativity and ordinary matters. In this work, we cast a scalar field induced by the modified gravity as the DM fluid and investigate its nature.
We consider a simple case that the DM is rephrased with the scalar field in the scalar-tensor theory. For instance, k-essence theory has been studied in [11] to explain the rotation curve. On the other hand, static and inhomogeneous configurations of the scalar field usually lead to the anisotropic pressure in the scalar-tensor theory. Actually, several works have suggested that a fluid with pressure can generate a halo and result in a flat rotation curve [12, 13] . However, these results are contradictory with the cosmological observation [5] , which implies that the DM fluid is pressure-less. Now we take a look at a wider framework of the scalar-tensor theory, the generalized Galileon theory [14] [15] [16] , which was found to be identical to the Horndeski theory [17] established in 1974. As a new scalar-tensor theory, the Horndeski theory introduces four arbitrary functions of scalar φ, and the scalar field generates the fifth force which modifies the dynamics of the general relativity. Although many works on Horndeski theory have revealed the cosmological solutions (see [18] for a review), it is necessary to check the applicability of Horndeski theory to the sub-cosmological scale physics, which help us comprehend the Horndeski theory as the theory of gravitation in the Universe. In 2012, the first nontrivial static black hole solution was found in a subclass of Horndeski theory [19] , and later, a timedependent black hole solution was done by [20] . Further studies on the Horndeski theory at local scale, including new spacetime solutions [21] [22] [23] [24] [25] [26] [27] , self-tuning issues [28] [29] [30] , scalar hair [31] [32] [33] [34] [35] , and so on have been under discussion.
In this paper, we will improve the model in [19] to study new black hole solutions and discuss an application to describe the DM halo. We employ a spherically symmetric solution to study the rotational curve. In order to address the anisotropic pressure of the scalar field, we make use of the two-fluid model [36] [37] [38] and study the cosmic evolution. Dividing the energy-momentum tensor of the scalar field into two perfect fluids, we show that one fluid corresponding to DM can be pressure-less and another works as Dark Energy (DE). This paper is organized as follows. In Sec. II, we provide an action possessing the shift symmetry of the scalar field φ and utilize this action to study a spherically symmetric black hole solution.
Moreover, we consider the application of this solution to explain the galactic rotation curve.
In Sec. III, we apply the two-fluid model to study the anisotropic fluid composed by the scalar field and obtain a pressure-less DM fluid. Next in Sec. IV, we discuss the behavior of the DM fluid in cosmological evolution, to find that it is consistent with the result in galaxy scale. We will also face our model to the constraint on the sound speed squared of the gravitational waves given by GW170817 and GRB170817A. Finally, we conclude our result in Sec. V.
II. SHIFT-SYMMETRIC HORNDESKI THEORY AND ITS BLACK HOLE SO-

LUTION
In this section, we briefly review the Horndeski theory and introduce a particular subclass by imposing symmetries. Assuming specific forms of the arbitrary functions in the Horndeski theory, we demonstrate the existence of a spherically symmetric black hole solution.
Moreover, we define the energy-momentum tensor of the scalar field and analyze the energy density and pressure of the scalar field based on the fluid description.
A. The Horndeski theory
The Horndeski theory is described by the following action:
where L i are defined as follows:
G i (φ, X) are arbitrary functions of the scalar field φ and its kinetic term X = −(∂ µ φ) 2 /2, R is the Ricci scalar, and G µν is the Einstein tensor. We choose the convention such that M −2 p ≡ 8πG = 1, and use the notation such as f X ≡ ∂f /∂X, f φ ≡ ∂f /∂φ to describe the derivatives of a function f (φ, X) with respect to φ and X. Note that by choosing specific forms of the above functions G i (φ, X), the Horndeski theory turns to coincide with the various modified gravity theories, including the general relativity.
Varying the action (1), we obtain
up to the total derivatives. The concrete expressions of G i µν , P i φ , and J i µ are listed in the appendix of Ref. [23] . Then, the equation of motion for both metric and the scalar field in the Horndeski theory are symbolically expressed as
and
respectively. It is known that the equations of motion Eqs. (7) and (8) are of the second order of derivatives, which allows us to avoid the Ostrogradsky instability.
B. Shift-symmetric model
We consider the following subclass of the Horndeski theory:
The above model possesses the shift symmetry, φ → φ + c where c is a constant, and the Z 2 symmetry, φ → −φ. These two symmetries allow only G 2 and G 4 in the Lagrangian, and these functions depend only on X. The above subclass was introduced and examined by earlier works [21] [22] [23] [24] [25] .
In this case, Eq. (7) is written as
Here, each part is given as (also see, [16] )
where the parenthesis () expresses the symmetric part with two indices swapped, A (µν) = 1 2 (A µν + A νµ ). Corresponding to the shift symmetry φ → φ + c, we have a Noether current J µ ,
Note that the equation of motion with respect to the scalar field is rephrased as the current conservation law:
In the following analysis, we employ a toy model with the specific choice of G 2 (X) and G 4 (X):
where Λ, η, ξ, β, and p are parameters. Note that for p = 1, the above model reproduces the so-called non-minimal derivative coupling G µν ∇ µ φ∇ ν φ, as in [24] 
where we have used the following equation defining Riemann curvature tensor,
The spherically symmetric black hole solutions have been studied by [19] [20] [21] [22] in the case where p = 1, and thus, our model can be considered a generalization of the model which the earlier works have employed.
C. Spherically symmetric system
In order to analyze the galaxy rotation curve, we first consider the static and spherically symmetric spacetime solutions in the shift-symmetric model Eq. (15) , which gives us approximated descriptions of the spacetime around the galaxy. We start with the general form of the static and spherically symmetric spacetime:
For the scalar field φ, we also assume the scalar field is static and the spherically symmetric,
The nonvanising components of E µν and J µ are given by
where the prime expresses the derivative with respect to r. Note that we have the Noether current J µ = (0, J r , 0, 0) under the assumption of static field configuration. One can find that the conservation law leads to ∂ r ( h/f J r r 2 ) = 0, and a solution is given by
there should exist a horizon r = r h , where f (r h ) = 0. Therefore from Eq. (23), one can find that this will lead to a vanishing current, namely J r = 0. This can be viewed as a specific solution of the continuity equation (14), although not necessary at the horizon. [39] Imposing the vanishing current in terms of Eq. (14) and using Eq. (10), we have four
where the first equation is a specific solution of the continuity equation (14) . For the case where ηβ > 0, Eqs. (24) give the following solutions of h(r), f (r), and φ(r):
where a parameter µ in Eq. (25) is an integration constant. If ηβ < 0, one can find a similar solution by replacing √ ηβ → √ −ηβ and arctan(rη/ √ ηβ) → arctanh(rη/ √ −ηβ) in Eq. (25) while keeping Eqs. (26) , (27) , and (28) unchanged. As an example, our generalized solutions can surely reproduce the black hole solution derived in the earlier work [19] when we choose a specific set of parameters, p = 1, Λ = 0, η = 1/2, ζ = 1/2, and β = z 0 /2:
As a side remark, we note that this solution cannot be applied to the specific parameter choice p = 1/2, since φ ′ (r) 2 diverges in Eq. (28) . Using the original continuity equation ∇ µ J µ = 0 one can get another class of solution:
where Σ represents an integration constant. It is obvious that the solution gives the horizon at r h = ζ/Λ, but there is no infinite redshift surface which causes h(r) = 0, so it shows significant difference from a black hole solution.
Next, we look further into the solutions Eqs. (25) , (26) , (27) , and (28) . Using the defini-
For simplicity, we focus on the specific case where βΛ + ζη = 0, therefore the first term of Eq. (25) could be canceled. Defining z ≡ β/η = −ζ/Λ, the black hole solution is expressed by the following simple form:
It is remarkable that our model produces a constant solution for X. Hence, as in the equation of motion (12), the coefficient G 4 in front of the Einstein tensor G µν is constant, which would be absorbed into the redefinition of the Planck scale. This result implies that our solution does not break Einstein's equivalence principle.
Hereafter, we assume ζ, η, Λ > 0, β < 0, and p > 1. In those parameter regions, h(r)
takes the similar form to the Schwarzschild-de Sitter solution with positive cosmological constant 1/(−z) = Λ/ζ > 0 as X > 0 and X p > 0. However, it does not mean that our model is as simple as GR plus a cosmological constant. This is because the nontrivial coupling between the scalar field and gravity still appears in the Einstein Equations, and the energy-momentum tensor, as we will show soon, has r-dependence and can play the role of DM. A similar case can be found in the vacuum solution of ghost condensate field in cosmology [40, 41] .
D. Energy-Momentum Tensor of Scalar Field
The equation of motion (10) can be rewritten in a similar form of the Einstein equation,
given as
Here, T ef f µν represents the energy-momentum tensor of the scalar field. Since for spherical symmetric solutions one has G r r = G θ θ = G ϕ ϕ , namely G j i is anisotropic in these three directions, one will expect the energy-momentum T ef f µν to be the same. Therefore we write the effective energy momentum tensor T ef f µν as [42] :
Here, the tetrads e a µ satisfy g µν e a µ e b ν = η ab , where η ab = diag (−1, 1, 1, 1) is the Minkowski spacetime metric, and e a µ = diag( √ −g 00 , √ g 11 , √ g 22 , √ g 33 ). The energy density and the pressures of scalar field are defined as follows,
.
One can find that the second term in Eq. (41) and (42), as well as the term in Eq. (43), are behaving like a cosmological constant with isotropic pressure. So, this part could be naively viewed as dark energy (DE). Moreover, the first term in Eq. (41) is proportional to
According to the analysis in [11] , this behavior of DM can explain the gravitational rotation curve. However, it is well-known that the cold dark matter needs vanishing pressure in all directions. Although the corresponding terms in p ⊥ can be viewed as vanishing, that in p is obviously non-vanishing, making this term fail to be explained as DM. To make out of this dilemma, in the next section, we will take a different view of this model.
III. ANISOTROPIC FLUID AND TWO-FLUID MODEL
A. DM and DE fluids
Due to the anisotropy of the energy momentum tensor, p − p ⊥ = 0, in Eq. (40), it can be decomposed into the two non-interacting perfect fluids sourcing the spacetime structure of solution Eq.(36), expressed as Using Eqs. (40) and (44), the energy density ρ and the pressures p , p ⊥ are given by [36] [37] [38] 
where K ≡ v µ u µ < 0 since v µ , u µ are timelike vectors. From equations (45), we obtained the analytical solution:
Here, since there are less variables than the equations in (45) and thus the solution cannot be uniquely determined, we introduce two free parameters x and n. Moreover, if we set n → −1 and x → ±∞, the solutions are given by
In Eqs. (47), ρ 1 can be read off as the DE density, while ρ 2 can be the DM density since the equation-of-state parameter w DM ≡ p 2 /ρ 2 = 0. That is, we can regard the first fluid (ρ 1 , p 1 ) as the DE fluid as the second one (ρ 2 , p 2 ) as the DM fluid in this scenario. Note that the total mass enclosed by the orbit is symbolically written as m(r) = [ρ 2 (r) + ρ e (r)]dV ,
where ρ e is the average density of environment of the ordinary matter rather than the scalar field, and ρ 1 should be so small compared to ρ e that it can be negligible.
We further explain the physical meaning of K reaching infinity. In general, the 4-velocity can be decomposed like u µ = (Z µ +ū µ )/ 1 −ū µū µ , where Z u is the 4-velocity of observer at rest in the coordinate system, andū µ is spacelike satisfying Z µū µ = 0. Here the 4velocity of observer can be v µ , thus this observer of 4-velocity v µ measures a particle of
Thus K = v µ u µ can be rewritten by the 3-velocity λ i which is measured by the observer of 4-velocity v µ , that is
The right-hand side of the Eq. (48) can be regarded as the Lorentz factor γ λ = 1/ √ 1 − λ i λ i ≥ 1. Therefore, if n → −1 and K → −∞, the relative velocity between the DM and DE fluids is the speed of light.
B. Facing observational constraints on DM fluids
Galaxy rotation curve. Without the loss of generality of our model, we can choose ζ = 1 for simplicity. To study the rotation curve, we need to know the velocity of object travelling around the galaxy, which is given by the geodesic equation in the Newtonian limit,
where G N = G/(2p − 1). Γ r 00 is the (t, t, r) component of Christoffel symbol Γ λ µν , and the parameter m(r) is related to the mass of DM and ordinary matter enclosed by the orbit.
Based on the previous analysis in the two-fluid model, when we consider Λ in Eq. (15) as the cosmological constant, it is so small that we can neglect its effect at the galactic scales.
and we have two cases of the velocity of test particle:
Assuming the environmental density has a power-law form of ρ e ∼ 10 −n [g/cm 3 ], we can estimate the critical radius r c for the tangential velocity v, given by the condition 3ρ 2 = ρ e :
The tangential velocity is usually of O(10 −3 ) ∼ O(10 −4 ) in natural unit, or O(10) ∼ O(10 2 )[km/s], according to observations on galaxies (see [43, 44] for more details). For instance, for n = 23, namely ρ e ∼ 10 −114 M 4 p while the tangential velocity of test particle v ≃ 3 × 10 −4 in the galaxy, we have
Another example is to have n = 17, v ≃ 3 × 10 −4 for the solar system, one can obtain r c = 1.9 [pc] . It is acceptable that r c is much larger than the size of the object as a gravitational source in order to maintain the Newtonian gravity.
Moreover, in the non-relativistic limit, Eq. (50) implies
and for a typical value of v 2 ∼ 10 −6 , one has |p − 1| ∼ 10 −6 .
(55)
Post-Newtonian parameter. The post Newtonian parameter γ describes how the current theory of gravity deviates from GR. For a massive object whose gravity causes deflection of the light-ray passing it, the deflection angle ϕ is expressed as [45] :
where γ is the post-Newtonian parameter, M is the mass of the object, and d is the distance between the center of the gravity potential and the light ray (see Ref. [46] for detailed analysis based on the Gauss-Bonnet theorem). In our model, we find that γ relates with p as:
The detection of the deflection angle puts severe constraints on γ as [45] :
which implies
The constraints Eq.(55) and Eq.(59) on p given by the two experiments are therefore consistent with each other.
IV. DARK MATTER BEHAVIOR IN COSMOLOGICAL EVOLUTION
In the last sections, we use the model (15) to generate a spherically symmetric black hole solution, and use the two-fluid description to give rise to the behaviors of DM and DE (in form of cosmological constant) in local frame. However, [47] shows that our model with p = 1 breaks the consistency between the DM behavior in cosmological evolution and the constraints on the speed of the gravitational wave. This inconsistency also happens as p ≃ 1 + v 2 /2 in our model. Therefore, we need to improve our model to get consistent predictions with other physics. In the following, we consider a simple extension of our toy model in which we can keep the black hole solution obtained in the previous section.
A. Improved Model for Cosmology
We choose the new choice of functions in the following form:
where G 2 is corrected by the third termG 2 (X) ≡ 2α(X − X 1 ) 2 (X − X 0 ) q where X 1 is an additional parameter, and ζ = 1 is assumed in the original model Eq. (15) . The corrected term is inspired by the interesting model dubbed as purely kinetic k-essence [48, 49] where the Lagrangian is written as L = −Λ + α(X − X 0 ) q with q ≥ 2, which is claimed to give an almost pressure-less DM fluid.
Imposing βΛ + η = 0, we can still obtain the black hole solution in vacuum Eq. (36) when we choose X 1 = p (p − 1)Λ/(2p − 1)η thanks to (X − X 1 ) 2 . Indeed, the additional term to original G 2 function yields to the conditionG 2 (X = X 1 ) =G 2X (X = X 1 ) = 0.
(X − X 0 ) q makes the scalar field behave like DM in cosmological evolution as in the purely kinetic k-essence. Now we will investigate the cosmological evolution in the improved model Eq. (60).
In flat FRW metric, ds 2 = −dt 2 + a 2 (t)δ ij dx i dx j where a(t) is the cosmic scale factor, the Hubble parameter is defined as H =ȧ/a. The Friedmann equation takes the following form,
where the effective Planck mass squared M 2 * is
andρ r ,ρ b ,ρ φ =ρ DM +ρ DE respectively denote the induced energy densities of radiation, baryon and scalar field containing DM and the DE, with
Here, we set the scale factor a 0 = 1 at present and Ω i0 is the current value of the density fraction. Another equation of motion about the total pressureP including the baryon, radiation, and the scalar field is given bỹ
The equation of motion for scalar field in the FRW Universe is then written aṡ
where the braiding parameter α B is defined as
and the the kineticity parameter α K is defined as
From Eqs.(61) and (66), we define the effective pressure and energy density of scalar dark matter field
In the model (60), when the correction termG 2 (X) is dominant in the cosmological evolution compared to the ηX p , we can evaluate the equation of state of DM as
In order to solve Eq.(67), we assumeP α B ≪ G 2X X and G 4 ≃ constant, which is very reasonable for small β. Thus we can obtain the following solution [48, 49] 
where k is a positive constant. Furthermore, if we defineε ≡ (X − X 0 )/X 0 ≪ 1, from above
where a −3 q = α(X 1 − X 0 ) 2 qX q 0 (X 0 k) −1/2 . And then, the equation of state of the scalar field approximates
and the energy density is evaluated as
Because the scalar field should behave like the DM before the epoch of the matter-radiation equality we need the condition ε ≪ 1 at that epoch. Using Eq. (74), the necessary condition is a eq ≫ a q where a eq is the scale factor at the epoch of the matter-radiation equality, given by a eq = 3 × 10 −4 . Notice the energy densities of DE and DM in the current universe has a relation ρ DM 0 /Λ = Ω DM 0 /Ω Λ0 . Combining with Eq. (76), one can obtain
To satisfy the above constraint, α can be so large that it makesG 2 (X) dominated in cosmological evolution. Furthermore, the equation of state of DM has been constrained by observations [5] , i.e. |w DM | ≪ 1, which is surely guaranteed by Eq. (75).
Moreover, when ε ≫ 1, from Eq. (72) the equation of state becomes
since this case correspond to the very early universe when DM has not become important yet, we will not discuss it anymore.
B. Instability and Speed of Gravitational Wave
We have discussed the cosmological evolution of the scalar-field DM in the previous subsection, to find that we can make the equation of state parameter w φ smaller than the unity, which realizes the almost pressure-less DM in the cosmic history. In the following, we consider other aspects of the scalar field: the sound speed of the scalar field and the speed of the gravitational waves. The sound speed c s is related to the instability of scalar perturbation. The sound speed has to be small enough to generate the cosmic large-scale structure formation and CMB temperature anisotropies [49] . For instance, it should be extremely small c 2 s < 10 −10.7 at present constrained by observations [50] . Meanwhile, the speed of gravitational wave c T is also tightly constrained by the observation of GW170817 and GRB 170817A [51] .
The action at quadratic order of a scalar field ζ and tensor modes h ij are given by
where (see appendix A)
Here α M is the rate of running of the Planck mass and α T is the tensor speed excess. To avoid the theoretical instabilities, we should impose the conditions Q s > 0, c 2 s > 0, Q T > 0 and c 2 T > 0. If the tensor speed excess is small α T ≪ 1 and α M , α B ,α B ≪ 1, namely G 4 is almost a constant, the speed of the scalar perturbation mode is given by
utilizing Eq.(72) and ε ≪ 1, the speed of scalar perturbation is given by
thus we have a small sound speed of scalar perturbation which behaves like dark matter.
For the tensor perturbation, from Eq. (83), the deviation of the speed of gravitational wave from that of light in the low-redshift era can be evaluated as
According to the observation constraint from GW170817 and GRB 170817A, the difference between speeds of the gravitational wave and light is should be suppressed [51] ,
Thus, by combining Eqs. (86), (89), and (90), p ≃ 1 and β < 0 gives the constraint on X 0 :
V. CONCLUSION AND DISCUSSION
We have investigated the shift-symmetric subclass of the Horndeski theory, where G 2 and G 4 are the power functions of the kinetic term X p as in Eq. (15), to find the spherically symmetric solutions with the vanishing Noether current of the scalar field. We have also found that the scalar-field fluid becomes anisotropic for p = 1. Based on the two-fluid model, we have decomposed the scalar field fluid into two parts corresponding to the DM and DE.
We have found the DM part of energy density scales as the inverse square of the radial coordinate in the spherically symmetric solution which we have derived, and we can explain the observed galaxy rotation curve in our scenario.
Moreover, by calculating the gravitational mass m(r) including both baryonic matter and scalar field, we have confirmed that the constant velocity appears in the galaxy rotation It is also of great importance to reconsider our assumptions about the symmetry and model-building. For instance, we can generalize our work to include time-dependence for the scalar field φ as in [23] and to refine our study on the galaxy rotation curve in the stationary spacetime solution. Regarding the tuning of the parameter for the speed of gravitational waves, it would be milder if we invoke the disformal transformationg µν = g µν +D(X, φ)φ µ φ ν with an appropriate expression of function D(X, φ) [30, 52] . By starting from the study on the scalar-field DM demonstrated in this paper, it is necessary to apply it to the other sub-classes of the Horndeski theory or beyond-Horndeski theories. 
